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Abstract—The two-dimensional Anisotropic Wavelet Transform aims to decipher images in which dis-
tributions are combined at different scales. Based on the Optimized Anisotropic Wavelet Coefficient
method (OAWC), we present two C** programs which enable multi-scale analysis and discrimination
of objects, or groups of objects, depending on their area, shape ratio, orientation, and location. These
programs allow the identification of the different levels of organization that are present in an image
(objects, clusters, alignments of clusters), and the quantification of their sizes, shape ratios, and orien-
tations. The programs run on a standard IBM-PC. A complete analysis, performed on a constructed
image, is presented as an example for its graphical results, and illustrates the potential of quantifying
the anisotropies of orientation, shape, and spatial distribution of organized structures at different scales.
© 1997 Elsevier Science Ltd
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INTRODUCTION

Physical processes act simultaneously at different
scales, and lead to complex spatial distributions.
Sorting out each part or level of the spatial organiz-
ation, according to its characteristic scale, may be
an effective way of analysing complex systems.
Grossman and Morlet (1984) have developed an
innovative numerical formalism, the Wavelet
Transform (WT), in order to decorrelate the one-
dimensional signal of seismic-reflexion data. In two
dimensions, a number of developments in math-
ematics and theoretical physics have investigated
multi-scale behaviour of a system applying the WT
formalism. The WT is now applied to several
fields, such as meteorology (e.g. Hagelberg and
Helland, 1995) and astrophysics (e.g. Escalera and
MacGillivray, 1995), but still rarely in the geo-
sciences (Quillon, Castaing, and Sornette, 1996),
despite the numerous potential examples of complex
(muilti-scale) organizations (fault patterns, top-
ography, seismic data, and many other examples).
Rocks are complex systems in which the superpo-
sition of different physical processes such as crystal-
lization, deformation, and fluid circulation, lead to
fabric development. Automatic determination of the
Shape Preferred Orientation (SPO) of crystals is
now a popular method for analysing the petrofab-
rics in rocks (e.g. Allard and Benn, 1989; Launeau,
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Bouchez, and Benn, 1990; among others). However,
this analysis ignores the two-dimensional multi-
scale distribution of objects, such as clusters of min-
erals and alignments of clusters. The scope of this
paper is to promote a new way of multi-scale inves-
tigation using the two-dimensional Anisotropic
Wavelet Transform (2D-AWT).

For that purpose, we present two programs
enabling the user to detect the different levels of or-
ganization of an image, and to quantify the geome-
try of the detected entities in terms of area, shape
ratio, orientation, and location. The programs have
been written in C* " and run on a standard IBM-
PC. An Intel Pentium processor and at least
8 Mbytes of Ram are recommended. Programs are
compatible with Microsoft Windows 3.11 and
Windows 95. Input is via user-friendly dialogue
boxes, graphical outputs of the results are displayed
on the screen, and output as files. The programs are
publicly available by anonymous FTP from
IAMG.ORG.
~ The program WaveCalc calculates a set of two-
dimensional-AWT, with an automatic and objective
selection of the information. For the computation
of the WT, subroutine FFT (Elliott and Rao, 1982)
is used, performing the calculations of both the
direct and inverse FFT. The companion program
WaveSea is essentially a graphical interface allowing
the visualization of the results obtained from
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WaveCalc. WaveSea helps the user to select the
most significant features at each scale, and gives the
geometric parameters of the detected structures for
each level of organization, performing basic func-
tions such as thresholding, and building of histo-
grams or orientation rose diagrams. Information
obtained from the software permits the signal at all
scales to be quantified and consequently facilitates
the understanding of the processes which underlie
the fabric under study.

WAVELET TRANSFORM: FROM THEORY TO
PRACTICE

The potential of wavelets applied to image pro-
cessing has been pointed out by Antoine and others
(1992), and a number of theoretical developments
clearly demonstrate the wide domain of application
of the Wavelet Transform (WT) formalism (Meyer,
1992). In the applications presented so far, most
authors have used, for obvious practical reasons,
the two-dimensional isotropic WT. Calculation of
the two-dimensional-anisotropic WT (two-dimen-
sional-AWT) requires a much longer computer time
and generates a large quantity of data which need
to be synthetized. Recently, Ouillon, Castaing, and
Sornette (1996) have studied the multi-scale organ-
ization of joints and faults, using an efficient
method called the Optimized Anisotropic Wavelet
Coefficient method (OAWC) that selects the perti-
nent information of an image at all scales. Our
approach is based on the latter method developed
by Ouillon, Sornette, and Castaing (1995) and car-
ries out the complete multi-scale analysis of an
image with an accurate description of the size,
shape, orientation, and spatial distribution of the
objects.

Theory

In order to show how the two-dimensional-AWT
detects the dominant structure at a given scale, the
mathematical formalism of the Wavelet Transform
is summarized here. The two-dimensional continu-
ous WT helps in deciphering signals in which infor-
mation carried by different spatial wavelengths or
scales is combined using a battery of filters called
wavelets. The filters are derived from a single func-
tion called the mother function ¥,. In the present
work, we use the ‘“Anisotropic Mexican Hat”,
which comes from a second derivative of a
Gaussian function. Due to its anisotropy, character-
ized by its shape ratio o, the filter allows detection
of shape anisotropy and singularities in all direc-
tions of the image plane. Its equation is given by:

1 (xz )
2 - —+y2
V(0 = ¥,(x) = (z X yZ)e 2\ o2
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where x and y are the Cartesian coordinates of each
pixel of the image.

Taking a binary image, the image can be rep-
resented by the function /(¥), I(X) =1 for pixels
belonging to the analysed objects and by I(X) = 0,
otherwise. The WT of I(X) is a convolution (C))
with an analysing wavelet ¥,(¥,a,0):

Cr(%,a,0,8) = ¥o(%,a,0) Q) I(%), o))

where a and 6 represent the resolution (short axis
of the wavelet) and the azimuth of the long axis
of the wavelet, respectively. For each analysing
wavelet, the signal is transformed into a set of
coefficients C; by the convolution. This set is
called the wavelet image and is represented by a
coefficient map. Thus, at a given position ¥ =4
in the signal, the wavelet coefficient C;(b,a,0,8) is

given by:
1 YT ANV
K%a IJWG(RBI( a ),)I(X)dx
3

where Ry is the counterclockwise rotation oper-
ator of angle 6 with respect to the Ox axis,
which allows the analysing wavelet to be rotated.
The scale parameter a allows the dilation (large a
value) or contraction (small a value) of the wave-
let, and thus controls the resolution of the image
analysis. The normalizing factor Ky, is defined
following the admissibility condition by:

Ky, = j |9 )12k @

Ci{b,a,0,0) =

* o
where ¥ is the Fourier transform of ‘¥,.

Properties

A wavelet is a function that obeys the following
four conditions detailed by Antoine and others
(1992):

(1) The mother function ¥, must be well loca-
lized in the space domain (X¥) and in the spatial
frequency domain (k);

(2) ¥, is continuous and differentiable (admis-
sibility condition); as an important consequence
it always has a null mean value;

(3) The analysing filter ¥,(X,a,6) is naturally
bound and invariant by translation: thus, it is
particularly suited for a local analysis; and

(4) ¥,(X,a,0) is also invariant by dilation/con-
traction, thus allowing a multi-scale analysis.

In practice

Due to its intrinsically multi-scale and local prop-
erties, the WT is particularly useful for the detec-
tion of small structures superimposed on the



Software for multi-scale image analysis: wavelet coefficient method 891

Figure 1. Ideal match between wavelet and object: zero contour of Anisotropic Mexican Hat fits per-

fectly with object contour. The filter ¥,(%,a,8) is discretized in 2°x2° mesh world. Resolution a = 2,

shape ratio o = 2, orientation # = 0°, location X (32, 32). Corresponding detected entity: short axis
a = 2, long axis b = 4, shape ratio b/a = 2, elongation § = 0°, location b (32, 32).

gradient of larger ones. A constant signal produces
null coefficients (=admissibility condition). In con-
trast, if the signal presents irregularities, the wavelet
reacts by producing non-null coefficients. The nega-
tive coefficients underline the edges of objects. The
weak coefficients reflect a poor match between the
analysing filter and the local content of the image.
Conversely, the strongest coefficients point out the
best match, in terms of scale, location, shape ratio,
and orientation, between the analysing wavelet and
the object. A given filter ¥,(xX,a,0) detects only enti-
ties that have the identical geometrical parameters
(Fig. 1). To detect all the organized structures of an
image, each pixel of the two-dimensional-signal will
be analysed using a set of different a, 8, o values.

WAVECALC PROGRAM

The WT of a (28x2%) binary image requires 3 h of
calculation (Pentium 90 Mhz) to obtain a complete
analysis. Its application to an artificial example is

given in Figures 2 and 3. In order to avoid operator
time during computation, the program WaveCalc
operates directly from ASCII parameter (files.
Intervention of the user is required to input the fol-
lowing parameters from the keyboard.

1. the number of scale analyses (N) and, for each
analysis,

2. the binary image file name

BITMAP, TIFF, RASTER),

the image width (W), height (H);

4. the resolution or scale parameter a, which con-
trols the multi-scale analysis;

5. the limits of integration and their increments
(b_min, b_max, step_b), which control the shape
anisotropy; and

6. the variation domain and increment of orien-
tation which control the angular exploration
(Binins Ommax, step_0) of the image.

(WINDOWS

w

The program computes the WT of the image
for each ¥,(a,b,0) filter.
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Figure 2. Study of synthetic example. (A) Constructed (28x2%) binary image composed of 52 rectangles
of area = 45 pixels, shape ratio = 2 and orientation = —30° themselves forming three clusters
elongated at 0°, forming themselves an alignment at —60°. (B) Synthetic NOAWC map obtained from
2, 32 and 64 pixels resolution. (C) A-B cross-section: highest coefficients give centre of gravity of indi-
vidual objects of image A; levels around 0.3 (pale grey in B) correspond to grain clusters. Coefficients
around 0.1 (in dark grey) point to alignment formed by clusters; (D) Geometrical parameters obtained
after thresholding with WaveSea: (I) individual object parameters; (II) cluster parameters; and (III)
alignment of cluster parameters.

Although the WT is perfectly well-defined in real
space, frequency considerations are useful. The
Fourier Transforms (FT) operator allows an effi-
cient calculation of the WT. The numerical im-
plementation of the direct and inverse FT is simple
using the Fast Fourier Transform (FFT) algorithms
(Elliott and Rao, 1982). Note that, for the appli-
cation of the FFT algorithms, the image must be a
2" x 2" size matrix (n = integer). For reasons of cal-
culation time, memory allocation, and disk space,
the maximal size of the image in this code is limited
to 2°x2° pixels. The procedure for calculating the
WT is the following:

1. read the binary image matrix;

2. compute the two-dimensional discrete FFT of
the image, and the analysing wavelet, using the
theorem of separability;

3. following the convolution theorem, determine
the FT of the WT by multiplying the FT of the
image with the FT of the analysing wavelet; and

4. determine the coefficient map of the image by
applying the inverse FFT.

Using filters with different ¢ values necessitates
the use of different mother functions. In order to
obtain a significant calibration, the results are nor-
malized as follows: at each point of the image, the
calculated coefficients are divided by their theoreti-
cal maximum values obtained when the match
between the filter and the corresponding entity is
perfect. A linear scaling from —1 to 1 is therefore
obtained. The highest value corresponds to the
centre of gravity of the entities detected; null values
correspond to a constant gradient, and the smallest
values indicate the edges of the structures. This
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(C) Histogram of Coefficients
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Figure 3. Graphical interface WaveSea showing original image (upper left), Normalized Optimized

Anisotropic Wavelet Coefficients (NOAWC) map of resolution a = 32 pixels, histogram of normalized

coefficients and information on image (upper right). For interactively determined threshold (0.3-0.4),

corresponding selected NOAWC map (lower right), orientation rose (mean —52°; shape ratio parameter
Sr = 2.00) is plotted.

scaling of the coefficients reinforces the image con-
trast and facilitates the interpretation. Repetition of
this procedure for each filter creates a large volume
of data. To synthesize these data, a method is pro-
posed extended from the OAWC algorithm of
Ouillon, Sornette, and Castaing (1995). As already
mentioned, the value of the coefficient reflects the
local match between the filter and the signal. To
select the meaningful features at each point of the
signal, we choose the local optimum filter character-
ized by the maximal wavelet coefficient. The maxi-
mized normalized coefficients are selected from the
coefficient maps derived from all the (o, 8) couples,
and for a given resolution a, at each pixel of the
image. Hence, at resolution a, a Normalized
Optimum Anisotropic Wavelet Coefficient map
(NOAWC map) is derived and reflects the match
between the given filters and the image (Fig. 1).
During this step, the parameters corresponding to
the local optimum filter (o, 6) are stored. Hence, in

output, a normalized coefficient file, and the associ-
ated shape ratio and orientation files are given. This
procedure is repeated for all the selected resol-
utions. Finally, the program selects among all the
NOAWC maps corresponding to each resolution,
and for each point, the optimum wavelet coefficient
and its associated parameters (resolution, position,
orientation, and shape ratio). The ‘synthesized”
NOAWC map (‘“single-interest image”) is finally
visualized on a screen using coefficients that are
scaled and transformed to 8-bit integers covering
the 0 (black)-255 (white) range (Fig. 2).

The volume of data remains substantial in spite
of their significant reduction. For an image size of
2" x 2" pixels, there are 22" coefficients, 2%” resol-
utions, 2% shape ratios, and 22" angles. Hence, for
n = §, the total number of figures to handle is
4 x 2" The WaveSea program has been developed
to detect the significant organized structures and to
extract the corresponding parameters.
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WAVESEA PROGRAM

This program is a graphical interface which (1)
gives access to all the parameters of the original
image (Fig. 3A), as well as to the NOAWC maps
(Fig. 3B); (2) allows recognition of the meaningful
features; and (3) retains only the significant set of
parameters that describes best the image structures.
In the coefficient map of an image, every scale of
organization is detected, but with different values of
the coefficients. These levels depend on the original
image, but also on the resolution. To guide the user
to choose the level that characterizes best each
structure [Figure 2(B) and (C)], the histogram of
the NOAW Coefficient map is presented
[Figure 3(C)]. From it, the different modes of the
NOAWC coefficients are easily recognized, and the
minimum and maximum thresholds are chosen
interactively. The parameters (resolution, location,
shape ratio, orientation) corresponding to the
selected local optimum filters are instantaneously
extracted from the set of data.

Finally, the map of the selected NOAWC is
plotted (Fig. 3D), and the corresponding orien-
tations are presented in a rose diagram. General
information, such as the percentage of objects in
the original image, percentage of selected pixels in
the NOAWC map, and statistical parameters
(mean and standard deviation of orientation and
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shape ratio data), are also presented (Fig. 3F).
The seclected data may be saved in a standard
text file directly usable in a spreadsheet.

GEOLOGICAL EXAMPLE

The multi-scale organization of a Variscan pluton
(Sidobre granite, Montagne Noire, France) has
been studied using the NOAWC method (Fig. 4). A
70 cm x 100 cm sample was cut in the XZ plane,
that is parallel to the magmatic stretching direction
(X) and perpendicular to the magmatic flatten-
ing plane (Figs 4A and 4B). The multi-scale mineral
organization (or fabric) analysis was performed on
the K-feldspar megacrystals represented in black in
Fig. 4A).

In the resultant binary image (256 x 256 pixels), a
nonuniform spatial distribution shows a complex
rock crystallization and deformation history. In this
study, the resolutions are chosen as multiples of 2
(a = 2n, with n = 1,2,...,10). For each resolution,
the integration scale oa varies in between the
sampling scale (a¢) and the image size itself. For
each couple (a,0a), the azimuth 6 varies from 0° to
180°, by 10° steps. Two significant levels of mineral
organization have been observed, for « = 2 and
a = 10 pixels. For the other values of a, magnitudes

- _: - ;‘ ,‘.w - . -
RS I 1 . .
oAt 2. ‘Ta . = '
e ot “ " .. .
\;:: ':"".--“~ : :'.“-. . \ . " '. :
b “_\ ‘-. . - -
- 3 ‘h‘ ‘..‘a - ® . .:. - - . |
AT LIl e C . . M :
XZ (70 x 100 cm) cut section a =2 pixels a =10 pixels
7Z 250X oo—
Q — /N
B D F g
Grains: Alignments:
SR=1.7+04 SR=12+0.1
0=235°+5 0=13°%5

Figure 4. Multi-scale investigation of (70 cm x 100 cm) XZ section of K-feldspar megacrysts of Sidobre
granite (France). Normalized Optimized Anisotropic Wavelet Coefficients (NOAWC) map obtained for
two resolutions: a = 2 pixels (0.8 cm) and a = 10 pixels (4 cm). Orientation rose diagram at mineral
scale: selected coefficient range between 0.75 and 1 identifies megacryst characteristics. They are sub-
parallel to X direction and indicate magmatic flow. Orientation rose diagram at aggregate scale: selected
coefficient range between 0.35 and 0.45 identifies cluster of megacrystals, with principal mineral align-
ments (around 0°) orientated at —50° and 30°, representing magmatic shearing. (Source: Gaillot and
others, 1997).
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of the wavelet coefficients are weak, denoting a lack
of significant organization at these scales.

For a resolution of a = 2 pixels, corresponding
to crystal sizes (x1cm), a strong orientation at
23.5°, has been indicated (Figs 4C and 4D). This
orientation is the same as the one detected by
Darrozes and others (1994) using the intercept
counting method of Launeau, Bouchez, and Benn
(1990). For a = 10 pixels, a clearly defined cellular
organization (Figs 4E and 4F) underlined by grain
alignments at —55°, 0°, and 30° has been detected
(see Gaillot and others, 1997).

In this example, detection for a resolution of
a = 2 pixels reveals the crystal organization at the
scale of the grains and the magmatic flow direction.
This aspect of rock-texture analysis may be worked
out using other fabric techniques. However, the
NOAWC method is unique in quantifying and
mapping crystal organizations at larger resolutions
(a = 10 pixels). These large-scale organizations are
fundamental in understanding the rheological beha-
viour of magmatic rocks, for instance by tracing
the solid versus liquid partition in the rock, as
exemplified by the cellular organization evident in
Figure 4A. Hence, the NOAWC approach constitu-
tes a fundamental contribution for rock fabric
analysis. )

SUMMARY

The multi-scale analysis based on the Wavelet
Transform (WT) is presented in this paper in a
complete and simple form. We have also given the
mathematical background of the WT. In order to
undertake a complete multi-scale analysis of a
binary image of maximum size of 2°x2° pixels, the
C™ ™ programs WaveCalc and WaveSea have been
developed. WT computation, selection of data and
calculation of geometrical parameters of detected
structures are given in detail. The artificial example
illustrates how the anisotropies of shape and orien-
tation, as well as the spatial distribution of the
objects can be quantified at different scales. These
programs have also been applied to a geological
example to determine a rock fabricc. The WT
detected and characterized accurately the different
levels of mineral organization, from grains to align-
ments or clusters of grains, valuable information
for studying the processes acting at different scales.
Finally, since the NOAWC approach is applicable
to any two-dimensional object distribution, it may
be used in many other fields, such as fluid
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inclusions in crystals, epicentral distribution of seis-
mic events, and distributions of galaxies.

Acknowledgments—Guy Ouillon is gratefully acknowl-
edged for fruitful discussions. Comments on the manu-
script by Pierre Courjault-Radé and Jean-Louis Vignerene
were appreciated. We thank Keith Benn for improvement
of the English. Detailed reviews of Prof. Qiuming Cheng
(York University) and an anonymous reviewer are
acknowledged. Supports from the CNRS (UMR 5563 and
INSU) and “Région Midi-Pyrénées” (imagery equipment)
are also acknowledged.

REFERENCES

Allard, B. and Benn, K. (1989) Shape preferred orien-
tation analysis using digitized images on a computer.
Computers & Geosciences 15(3), 441-448.

Antoine, J. P., Murenzi, R., Piette, B. and Duval-Destin,
M. (1992) Image analysis with 2D continucus wavelet
transform: detection of position, orientation and visual
contrast of simple objects. In Wavelets and
Applications, ed. Y. Meyer. Research Notes in Applied
Mathematics, vol. 20, pp. 205-232. Masson, Paris.

Darrozes, J., Moisy, M., Olivier, P., Améglio, L. and
Bouchez, J. L. (1994) Structure magmatique du
Sidobre (Tarn, France): de ’échelle du massif a celle
de I'¢chantillon. Comptes rendus de I'Académie des
Sciences de Paris 318(2), 243-250.

Elliott, D. F. and Rao, K. R. (1982) Fast Transform.
Algorithms, Analyses, Applications, Academic Press,
New York, 488 pp.

Escalera, E. and MacGillivray, H. T. (1995) Topology in
galaxy distributions: method for a multi-scale analysis.
A use of the wavelet transform. Astronomy and
Astrophysics 298, 1-21.

Gaillot, P., Darrozes, J., Ouillon, J., de Saint Blanquat,
M. and Bouchez, J. L. (1997) Multi-scale Analysis of
Magmatic Rock Fabrics, Vol. 9 (Abstr) p. 375.
European Union of Geosciences, Strasbourg.

Grossman, A. and Morlet, J. (1984) Decomposition of
hardy functions into square integrable wavelets of con-
stant shape. SIAM Journal of Mathematical Analysis
18, 723-736.

Hagelberg, C. and Helland, J. (1995) Thin-line detection in
meteorological radar images using wavelet transforms.
American Meteorological Society 12(3), 633-642.

Launeau, P., Bouchez, J. L. and Benn, K. (1990) Shape
preferred orientation of object populations: automatic
analysis of digitized images. Tectonophysics 180, 201--
211.

Meyer, Y. ed. (1992) Wavelets and Applications. Research
Notes in Applied Mathematics, Vol. 20, Masson, Paris,
464 pp.

Quillon, G., Castaing, C. and Sornette,
Hierarchical geometry of faulting.
Geophysical Research 101(B3), 5477-5487.

Quillon, G., Sornette, D. and Castaing, C. (1995)
Organisation of joints and faults from 1cm to 100 km
scales revealed by Optimized Anisotropic Wavelet
Coefficient Method and multifractal analysis. Nonlinear
Processes in Geophysics 2, 158-177.

G. (1996)
Journal  of



